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DEHN INVARIANT OF FLEXIBLE POLYHEDRA
ALEXANDER A. GAIFULLIN, LEONID IGNASHCHENKO
Abstract. We prove that the Dehn invariant of any flexible polyhedron in n-dimen-
sional Euclidean space, where n ≥ 3, is constant during the flexion. For n = 3 and 4
this implies that any flexible polyhedron remains scissors congruent to itself during the
flexion. This proves the Strong Bellows Conjecture posed by Connelly in 1979. It
was believed that this conjecture was disproved by Alexandrov and Connelly in 2009.
However, we find an error in their counterexample. Further, we show that the Dehn
invariant of a flexible polyhedron in either sphere Sn or Lobachevsky space Λn, where
n ≥ 3, is constant during the flexion if and only if this polyhedron satisfies the usual
Bellows Conjecture, i. e., its volume is constant during every flexion of it. Using previous
results due to the first listed author, we deduce that the Dehn invariant is constant during
the flexion for every bounded flexible polyhedron in odd-dimensional Lobachevsky space
and for every flexible polyhedron with sufficiently small edge lengths in any space of
constant curvature of dimension greater than or equal to 3.
1. Introduction
Let Xn be one of the three n-dimensional spaces of constant curvature, that is, Eu-
clidean space En or sphere Sn or Lobachevsky space Λn.
A flexible polyhedron is an (n− 1)-dimensional closed polyhedral surface P in Xn that
admits a flexion, i. e., a non-trivial continuous deformation Pt not induced by an isometry
of the whole space Xn such that every face of Pt remains congruent to itself during the
deformation. Notice that the surface P is not required to be embedded, though embedded
flexible polyhedra, which are called flexors, are of a special interest. In the spherical case
Xn = Sn it is usually reasonable to consider only flexible polyhedra contained in the open
hemisphere Sn+.
First examples of flexible polyhedra are Bricard’s flexible self-intersecting octahedra,
see [4]. By now, examples of flexible polyhedra are known in all spaces of constant curva-
ture of all dimensions, see [14]. The first example of an embedded flexible polyhedron in E3
was constructed by Connelly [6]. His construction can be easily extended to S3 and Λ3,
cf. [19]. The first listed author constructed examples of embedded flexible polyhedra in
hemispheres Sn+ of all dimensions, see [15]. However, it is still unknown if embedded flex-
ible polyhedra exist in Euclidean spaces and Lobachevsky spaces of dimensions greater
than 3.
The Bellows Conjecture (see [7], [19]) claims that the volume of any flexible polyhedron
is constant during the flexion. Here and further we always assume that the dimension n
is greater than or equal to 3. Under the volume of a polyhedron P we always mean the
n-dimensional volume enclosed by the (n− 1)-dimensional polyhedral surface P . If P is
not embedded, then a natural concept of a generalized oriented volume should be applied,
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see Section 2.4 for details. By now, the Bellows Conjecture is proved in the following
cases:
• flexible polyhedra in Euclidean spaces En (Sabitov for n = 3, see [20], [21], [22],
and see [9] for another proof, and the first listed author for n ≥ 4, see [12], [13]),
• bounded flexible polyhedra in odd-dimensional Lobachevsky spaces Λ2n+1, see [16],
• flexible polyhedra with sufficiently small edge lengths in any of the spaces Λn
and Sn, see [17].
Counterexamples to the Bellows Conjecture in open hemispheres Sn+ were constructed by
Alexandrov [1] for n = 3 and by the first listed author [15] for n ≥ 4. It is still unknown
whether the Bellows Conjecture is true in even-dimensional Lobachevsky spaces.
Recall that two n-dimensional polytopes P and Q in Xn are said to be scissors congru-
ent if either of them can be divided into convex polytopes with pairwise disjoint interiors,
P = P1 ∪ · · · ∪ Pk, Q = Q1 ∪ · · · ∪Qk,
such that Pj is congruent to Qj for every j. The scissors congruence relation can be easily
extended to non-embedded polyhedra, see Section 2.4. Dehn [10] showed that polytopes
of equal volume are not necessarily scissors congruent, thus answering Hilbert’s Third
Problem. Namely, he proved that to be scissors congruent two polytopes must necessarily
have equal Dehn invariants, where the Dehn invariant of a polytope P is, by definition,
the following element of the group R⊗Z (R/πZ) = R⊗Q (R/πQ):
∆(P ) =
∑
dimF=n−2
voln−2(F )⊗ ϕF . (1.1)
Here the sum is taken over all (n− 2)-dimensional faces F of P , and ϕF is the dihedral
angle of P at F .
In [8] Connelly proposed the following conjecture, which is naturally called the Strong
Bellows Conjecture:
Strong Bellows Conjecture. Any flexible polyhedron remains scissors congruent to
itself during the flexion.
A weak form of the Strong Bellows Conjecture says that the Dehn invariant of any flex-
ible polyhedron remains constant during the flexion. Sydler [25] proved that two polytopes
in E3 are scissors congruent if and only if they have equal volumes and Dehn invariants.
Jessen [18] proved that the same holds for polytopes in E4. Hence in E3 and in E4 the
weaker form of the Strong Bellows Conjecture is equivalent to the original form of it.
The question of whether any two polyhedra of equal volumes and Dehn invariants are
scissors congruent to each other is still open in Euclidean spaces En, where n ≥ 5, and
in non-Euclidean spaces Sn and Λn, where n ≥ 3, see [11].
Alexandrov [2] checked that the Dehn invariants of Bricard’s flexible octahedra are
constant during the flexion.
Alexandrov and Connelly [3] stated that they constructed a counterexample to the
Strong Bellows Conjecture, that is, a flexible polyhedron in E3 with non-constant Dehn
invariant. Nevertheless, their proof of the fact that the Dehn invariant of the constructed
polyhedron is non-constant contained a fatal error. We discuss this example and point
out the error in Section 4.
The main result of the present paper is the proof of the weak form of the Strong Bellows
Conjecture.
Theorem 1.1. The Dehn invariant of any flexible polyhedron in En, where n ≥ 3, re-
mains constant during the flexion.
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Corollary 1.2. Suppose that n is either 3 or 4. Then any flexible polyhedron in En
remains scissors congruent to itself during the flexion.
For non-Euclidean spaces, we can prove that the Strong Bellows Conjecture is true
whenever the Bellows Conjecture is true.
Theorem 1.3. Let P be a polyhedron in either Sn or Λn, where n ≥ 3. Assume that
the Bellows Conjecture is true for P , that is, the generalized oriented volume is constant
during every flexion Pt of P . Then the Dehn invariant is also constant during every
flexion Pt of P .
Remark 1.4. In this theorem, it is important that the Bellows Conjecture is true for all
flexions of P . If we know only that there exists a flexion Pt of P such that the volume
of Pt is constant, then we cannot deduce that the Dehn invariant of Pt is constant.
As we have already mentioned, the Bellows Conjecture is true for all bounded polyhedra
in odd-dimensional Lobachevsky spaces, and for all polyhedra with sufficiently small edge
lengths in any non-Euclidean space, see [16], [17]. The following corollaries are immediate
consequences of Theorem 1.3 above, Theorem 1.1 in [16], and Theorem 1.1 in [17].
Corollary 1.5. The Dehn invariant of any bounded flexible polyhedron in Λn, where n is
odd and n ≥ 3, remains constant during the flexion.
Corollary 1.6. Let Xn be either Sn or Λn, where n ≥ 3. Let Pt be a simplicial flexible
polyhedron in Xn with m vertices such that all edges of Pt have lengths smaller than
2−m
2(n+4). Then the Dehn invariant of Pt is constant during the flexion.
2. Basic definitions and notation
2.1. Flexible polyhedra. We always normalize metrics of sphere Sn and of Lobachevsky
space Λn so that they have sectional curvatures 1 and −1, respectively. To deal with Sn
and Λn simultaneously, we shall conveniently introduce the parameter ε that is equal to 1
for Sn and to −1 for Λn. We identify Sn and Λn with their standard vector models, i. e.,
with the unit sphere in Euclidean vector space Rn+1, and with the half of the hyperboloid
〈x, x〉 = 1, x0 > 0 in pseudo-Euclidean vector space R1,n. We denote by x0, . . . , xn
the standard coordinates in either Rn+1 or R1,n such that the (pseudo-)Euclidean scalar
product in these coordinates writes as
〈x, y〉 = x0y0 + ε(x1y1 + · · ·+ xnyn).
Let ∆k be an affine simplex with vertices v0, . . . , vk. A mapping g : ∆
k → Xn, where
Xn is either Sn or Λn, will be called pseudo-linear if it satisfies
g(λ0v0 + · · ·+ λkvk) = λ0g(v0) + · · ·+ λkg(vk)|λ0g(v0) + · · ·+ λkg(vk)|
for any λ0, . . . , λk such that λ0 + · · ·+ λk = 1, where |x| =
√〈x, x〉.
If Xn = En, then we denote by x1, . . . , xn the standard Cartesian coordinates in E
n.
A k-dimensional pseudo-manifold is a finite simplicial complex K such that
(1) every simplex of K is contained in a k-dimensional simplex,
(2) every (k− 1)-dimensional simplex of K is contained in exactly two k-dimensional
simplices,
(3) K is strongly connected, i. e., the complement K \ Skk−2(K) is connected, where
Skk−2(K) is the (k − 2)-skeleton of K.
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A pseudo-manifold K is said to be oriented if its k-dimensional simplices are endowed
with compatible orientations.
Let K be an (n − 1)-dimensional pseudo-manifold. A polyhedron of combinatorial
type K is a mapping P : K → Xn whose restriction to every face of K is affine linear in
the case Xn = En and pseudo-linear in the cases Xn = Sn and Xn = Λn.
A flexion of a polyhedron of combinatorial type K is a continuous family of polyhedra
Pt : K → Xn, where t runs over some interval (a, b), such that for any t1, t2 ∈ (a, b),
every face of Pt1 is congruent to the corresponding face of Pt2 . The flexion is said to be
non-trivial if Pt1 cannot be obtained from Pt2 by an isometry of X
n for any sufficiently
close to each other t1 and t2. A polyhedron is called flexible if it admits a non-trivial
flexion.
The above definitions allow only simplicial polyhedra. This is not a restriction, since
any polyhedral surface has a simplicial subdivision. If the initial polyhedral surface is
flexible, then its simplicial subdivision will still admit all the same flexions and, possibly,
some new flexions will appear. Hence Theorems 1.1 and 1.3 for arbitrary flexible polyhe-
dra will follow from these theorems for simplicial flexible polyhedra. So further we always
deal with simplicial polyhedra only.
We say that a polyhedron P : K → Xn has non-degenerate faces if for any simplex
σ = [v0 . . . vk] of K the image P (σ) is a non-degenerate simplex of the same dimension k.
For En, this condition means that the points P (v0), . . . , P (vk) are affinely independent.
For Sn and Λn, this condition means that the vectors P (v0), . . . , P (vk) are linearly inde-
pendent (in the vector model). Further, we shall always consider only polyhedra with
non-degenerate faces. This is also not a restriction, since there is a standard procedure
that turns an arbitrary flexible polyhedron to a flexible polyhedron with non-degenerate
faces and with the same underlying geometric polyhedral surface, see [16, Section 11].
Remark 2.1. There exists a more general definition of a polyhedron called cycle poly-
hedron. In this definition a pseudo-manifold K is replaced with an arbitrary simplicial
cycle, see [13], [17]. All results of the present paper can be easily extended to the case of
cycle polyhedra.
2.2. Configuration spaces. Let m and r be the numbers of vertices and edges of K,
respectively, and let V(K) and E(K) be the sets of vertices and edges of K, respectively.
A polyhedron P : K → Xn is determined solely by the positions of its vertices. For each
vertex v of K, we put xv = P (v), and we denote by xv,1, . . . , xv,n (in the case X
n = En)
and by xv,0, . . . , xv,n (in the cases X
n = Sn and Xn = Λn) the coordinates of xv. We
put N = mn if Xn = En and N = m(n + 1) if Xn = Sn or Xn = Λn, and consider the
space RN with the coordinates xv,j , where v ∈ V(K), j = (0, )1, . . . , n. We consider xv,j
as coordinates on the space of all polyhedra P : K → Xn, and identify every polyhedron P
with the corresponding point in RN . Below, RN is referred to as the space of all polyhedra
of combinatorial type K.
Now, fix a set ℓ = (ℓe) of positive real numbers indexed by edges e ∈ E(K). Let
Σ = ΣK,ℓ,Xn ⊆ RN be the subset consisting of all polyhedra P : K → Xn with the
given set of edge lengths ℓ. (This subset may be empty.) The set Σ will be called the
configuration space of all polyhedra of the given combinatorial type and edge lengths.
If Xn = En, then Σ is the algebraic subset of RN = Rmn given by the r equations
|xu − xv|2 =
n∑
j=1
(xu,j − xv,j)2 = ℓ2[uv], [uv] ∈ E(K). (2.1)
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If Xn = Sn, then Σ is the algebraic subset of RN = Rm(n+1) given by them+r equations
〈xu,xu〉 =
n∑
j=0
x2u,j = 1, u ∈ V(K), (2.2)
〈xu,xv〉 =
n∑
j=0
xu,jxv,j = cos ℓ[uv], [uv] ∈ E(K). (2.3)
If Xn = Λn, then Σ is the semi-algebraic subset of RN = Rm(n+1) given by the m + r
equations
〈xu,xu〉 = x2u,0 −
n∑
j=1
x2u,j = 1, u ∈ V(K), (2.4)
〈xu,xv〉 = xu,0xv,0 −
n∑
j=1
xu,jxv,j = cosh ℓ[uv], [uv] ∈ E(K), (2.5)
and one inequality
xu0,0 > 0, (2.6)
where u0 is any chosen vertex of K. It is easy to see that, since K is connected, equa-
tions (2.5) and inequality (2.6) imply the inequalities xu,0 > 0 for all other vertices
u ∈ V(K).
Though in the case Xn = Λn, the set Σ is not an algebraic subset of RN , the union
Σ∪ (−Σ) is the algebraic subset of RN given by m+ r equations (2.4) and (2.5). Hence,
Σ is the union of several connected components of an algebraic subset of RN .
Let Ω = ΩK,Xn ⊆ RN be the subsets consisting of all polyhedra with non-degenerate
faces. Notice that the property of having non-degenerate faces depends only on the set
of edge lengths ℓ. Namely, the set of positive numbers ℓ = (ℓe)e∈E(K) will be called
non-degenerate if for each simplex σ = [v0 . . . vk] in K, there exists a non-degenerate
simplex [p0 . . . pk] in X
n with edge lengths distXn(pi, pj) = ℓ[vivj ]. If ℓ is non-degenerate,
then all polyhedra in ΣK,ℓ,Xn have non-degenerate faces, i. e., ΣK,ℓ,Xn ⊆ ΩK,Xn. Also, the
set ΩK,Xn is the union of the configuration spaces ΣK,ℓ,Xn over all non-degenerate ℓ.
Obviously, the group Isom(Xn) of isometries of Xn acts naturally on the space Ω, and
every configuration space ΣK,ℓ,Xn is invariant under this action. A flexible polyhedron Pt
is just a continuous path in ΣK,ℓ,Xn that does not stay in a single Isom(X
n)-orbit. Hence,
the existence of a flexible polyhedron P : K → Xn with the set of edge lengths ℓ is
equivalent to the existence of a connected component of ΣK,ℓ,Xn consisting of several
(hence, infinitely many) Isom(Xn)-orbits.
2.3. Dihedral angles and Dehn invariant. We denote by Fk(K) the set of k-dimen-
sional simplices of K.
If a polyhedron P : K → Xn is embedded, then, for each σ ∈ Fn−2(K), we can consider
the interior dihedral angle of the polyhedron P at the codimension 2 face P (σ). (If
Xn = Sn, then we should additionally agree which of the two components of Sn \P (K) is
interior.) Unfortunately, there is no reasonable way to define the dihedral angles ϕσ(P )
for all polyhedra P : K → Xn with non-degenerate faces so that they be continuous
real-valued functions on Ω. Nevertheless, we can define oriented dihedral angles of P
modulo 2π that give continuous functions ϕσ : Ω→ R/2πZ. The definition is as follows,
cf. [16, Section 9]. Let τ1 and τ2 be the two (n−1)-dimensional simplices ofK containing σ.
Take any point x in P (σ). Let n1 and n2 be the unit vectors in the tangent spaces TxP (τ1)
and TxP (τ2) orthogonal to TxP (σ) and pointing inside the simplices P (τ1) and P (τ2),
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respectively. Let m1 and m2 be the outer normal vectors to P (τ1) and P (τ2) at x, i. e.,
the unit vectors in TxX
n orthogonal to TxP (τ1) and to TxP (τ2), respectively, such that
the product of the direction ofmi and the positive orientation of P (τi) yields the positive
orientation of Xn. We say that the positive direction of rotation around P (σ) is from m1
to n1, and denote by ϕσ = ϕσ(P ) the angle from n1 to n2 in this positive direction. This
angle is a well-defined element of R/2πZ. It is easy to see that ϕσ is independent of the
choice of the point x and does not change if we interchange the simplices τ1 and τ2.
The Dehn invariant of a polyhedron P with non-degenerate faces is, by definition, an
element of the group R⊗ (R/πZ) given by
∆(P ) =
∑
σ∈Fn−2(K)
voln−2(P (σ))⊗ ϕσ(P ). (2.7)
(Here and further, ⊗ always means tensor product over Z.)
If P : K → Xn is an embedding and the orientations of K and Xn agree in the sense
that the vectors mi defined above do indeed point outwards, then the interior dihedral
angles ϕ˜σ(P ) of the polytope enclosed by the polyhedral surface P (K) belong to (0, 2π)
and represent ϕσ(P ) in R/2πZ. Then (2.7) turns into the standard expression (1.1) for
the Dehn invariant of an embedded polyhedron.
2.4. Scissors congruence and volume. To introduce rigorously the concept of scissors
congruence, it is convenient to work with the following definition of a polytope: A polytope
in Xn is a compact subset P ⊆ Xn that can be written as the union of a finite number
of non-degenerate n-dimensional convex simplices in Xn. If P , P1, . . . , Pk are polytopes,
P = P1 ∪ · · · ∪ Pk, and the interiors of P1, . . . , Pk are pairwise disjoint, we say that
P decomposes into P1, . . . , Pk and write P = P1 ⊔ · · · ⊔ Pk. Two polytopes P and Q
are said to be scissors congruent if they admit decompositions P = P1 ⊔ · · · ⊔ Pk and
Q = Q1 ⊔ · · · ⊔Qk such that Pi = gi(Qi) for some isometries gi ∈ Isom(Xn), i = 1, . . . , k.
The scissors congruence group P(Xn) is the quotient of the free Abelian group on
symbols [P ] for all polytopes P in Xn modulo the relations:
[P ] = [P1] + [P2] for P = P1 ⊔ P2,
[P ] = [g(P )] for g ∈ Isom(Xn).
It is easy to see that [P ] = [Q] if and only if the polytopes P and Q are stably scissors
congruent, i. e., there exist polytopes P ′ and Q′ such that P ′ is scissors congruent to Q′
and P ⊔ P ′ is scissors congruent to Q ⊔Q′. By a theorem of Zylev [27] (see e. g. [23] for
a proof), stable scissors congruence implies scissors congruence. Hence [P ] = [Q] if and
only if the polytopes P and Q are scissors congruent.
It is a standard fact that there are homomorphisms
V : P(Xn)→ R, ∆: P(Xn)→ R⊗ (R/πZ)
called volume and Dehn invariant, respectively, such that, for each polytope P , V([P ])
and ∆([P ]) are the volume and the Dehn invariant of P , respectively.
The results of Sydler [25] and Jessen [18] imply that, for n = 3 and n = 4, an element
ξ ∈ P(En) is trivial if and only if V(ξ) = 0 and ∆(ξ) = 0. It is not known whether the
same is true for En, where n ≥ 5, and for non-Euclidean spaces of constant curvature.
We would like to extend the relation of scissors congruence to not necessarily embedded
polyhedra P : K → Xn. More precisely, we would like to assign an element [P ] ∈ P(Xn)
to any such polyhedron. This can be done using the following standard approach, which
is usually used to define the generalized oriented volume of a not necessarily embedded
polyhedron.
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First, suppose that Xn is either Rn or Λn. Then the one-point compactification Xn ∪
{∞} of Xn is homeomorphic to n-dimensional sphere. For any point x ∈ Xn \ P (|K|),
we denote by λ(x) the linking number of the pair of points {x,∞} and the (n − 1)-
dimensional singular cycle P (K). By definition (cf. [24, Sect. 77]), this linking number is
equal to the algebraic intersection number of a generic piecewise smooth curve γ going
from x to ∞ and the cycle P (K). It is a standard fact that this algebraic intersection
number is independent of the choice of γ. Then λ(x) is an almost everywhere defined
piecewise constant function on Xn with compact support. For every integer k, we denote
by Rk the closure of the set of all points x ∈ Xn such that λ(x) = k. It is easy to check
that Rk is a polytope unless k = 0. We put,
[P ] =
∑
k 6=0
k[Rk] ∈ P(Xn).
The intuition behind this definition is that the polyhedral surface P (K) encloses every
polytope Rk exactly k times.
Two polyhedra P1 : K1 → Xn and P2 : K2 → Xn are said to be scissors congruent if
and only if [P1] = [P2] in P(Xn). If P : K → Xn is an embedded polyhedron, then, up to
sign depending on the orientation, [P ] coincides with the element of P(Xn) corresponding
to the polytope enclosed by the embedded polyhedral surface P (K). So for embedded
polyhedra, the above definition of scissors congruence is equivalent to the usual definition
of scissors congruence for polytopes.
For any polyhedron P : K → Xn, the value of the homomorphism V : P(Xn) → R on
the element [P ] is equal to
V(P ) =
∑
k∈Z
k voln(Rk) =
∫
Xn
λ(x) d volXn,
which coincides with the standard definition of the generalized oriented volume of a
not necessarily embedded polyhedron. (Here we denote by d volXn the standard volume
element in Xn.) Also, it is easy to check that the value of the homomorphism ∆: P(Xn)→
R⊗ (R/πZ) on the element [P ] is equal to the Dehn invariant ∆(P ) given by (2.7).
Second, suppose that Xn = Sn. If a polyhedron P : K → Sn is contained in open
hemisphere Sn+, then we can consider the one-point compactification of S
n
+, and repeat
the above construction literally.
Assume that the polyhedron P is not contained in Sn+. Then there is no canonical
way to assign an element [P ] ∈ P(Sn) to P . Indeed, even for an embedded polyhedron,
one has two possibilities to choose which of the two components of Sn \ P (K) should
be taken for the polytope enclosed by P (K). Nevertheless, there is a canonical way to
assign to P an element [P ] ∈ P ′(Sn), where P ′(Sn) is the quotient of P(Sn) by the infinite
cyclic group generated by [Sn]. (Notice that, according to the above definition, the whole
sphere Sn is a polytope, hence, an element [Sn] ∈ P(Sn) is well defined.) Namely, we can
take for ∞ an arbitrary point in Sn \ P (K), repeat the above construction, and obtain
an element [P ] ∈ P(Sn). Changing the point ∞, we arrive to other elements of P(Sn).
However, it is not hard to check that the difference of any two such elements of P(Sn) is
a multiple of Sn. Therefore, the image of [P ] in P ′(Sn) is well defined.
The volume homomorphism V : P(Sn) → R induces a well-defined homomorphism
V : P(Sn)→ R/σnZ, where
σn = voln(S
n) =
2π
n+1
2
Γ
(
n+1
2
) .
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Thus the generalized oriented volume V(P ) of a polyhedron P : K → Sn is a well-defined
element of R/σnZ.
Since ∆([Sn]) = 0, the Dehn invariant ∆([P ]) is well defined and again coincides with
the Dehn invariant ∆(P ) given by (2.7).
2.5. Schla¨fli’s formula. Schla¨fli’s formula is a fundamental relation between the differ-
entials of dihedral angles of a polyhedron that is deformed continuously preserving the
combinatorial type. For a polyhedron P : K → Xn, this formula has the form:∑
σ∈Fn−2(K)
voln−2(P (σ)) dϕσ(P ) =
{
0 if Xn = En,
ε(n− 1) dV(P ) if Xn = Sn or Λn. (2.8)
2.6. Stratifications of real affine algebraic sets and holomorphic functions. Sup-
pose that K is either R or C, and let X ⊂ KN be an irreducible affine variety of dimen-
sion d. Let IX ⊆ K[x1, . . . , xN ] be the ideal consisting of all polynomials that vanish
identically on X , and let K[X ] = K[x1, . . . , xN ]/IX be the ring of regular functions on X .
The varietyX has two natural topologies, the analytic topology induced by the standard
Hausdorff topology in KN and the Zariski topology. We agree that, unless otherwise stated
explicitly, all topological properties (e. g. ‘open’) should be understood with respect to
the analytic topology. We shall always write explicitly ‘Zariski open’ if we mean open
with respect to the Zariski topology.
Recall that a point x ∈ X is said to be regular if the intersection of the kernels of the
differentials df |x for all f ∈ IX has dimension d, and is said to be singular otherwise. We
denote by Xreg and Xsing the sets of regular and singular points of X , respectively. The
set Xreg has a natural structure of a d-dimensional K-analytic manifold. Hence, we can
consider K-analytic functions on open subsets of Xreg. If K = C and U is an open subset
of Xreg, then we denote by O(U) the ring of holomorphic (i. e. single-valued complex
analytic) functions on U . We shall need the following consequence of Liouville’s theorem
on entire functions, see [16, Lemma 9.7].
Lemma 2.2. Suppose that X is a smooth irreducible complex affine variety, ψ ∈ O(X),
and there exist non-zero regular functions g1, . . . , gN ∈ C[X ] such that
Imψ(x) ≤ max
n=1,...,N
ln |gn(x)|
for all x ∈ X. Then ψ is a constant. (Here we use the convention ln 0 = −∞.)
Now, suppose that X ⊆ KN is an arbitrary algebraic subset and X1, . . . , Xk are the
irreducible components of X . Recall that a point x ∈ X is said to be regular if it
is a regular point of certain Xi and does not belong to all other Xj ’s. By definition,
dimX = maxi=1,...,k dimXi.
Any real algebraic subset X ⊆ RN possesses a natural stratification that can be con-
structed in the following way, see [26, Section 11(b)]. Let d = dimX . Then X = Y ∪ Z,
where Y is the the union of all d-dimensional irreducible components of X , and Z is
the union of all irreducible components of X of dimensions strictly less than d. Put
M = Y reg \ Z and X ′ = Y sing ∪ Z; then X = M ∪ X ′ and M ∩ X ′ = ∅. Then M is a
smooth d-dimensional manifold without boundary. It is proved in [26] that M consists
of finitely many connected components. All connected components of M are taken for
d-dimensional strata of the stratification. Then the same procedure is recursively applied
to X ′, which is a real algebraic subset of RN of dimension strictly less than d. The ob-
tained stratification of X consists of finitely many strata. It will be called the standard
stratification of X . By construction, every stratum S of this stratification is a connected
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open subset of the set of regular points of an irreducible real affine variety. This easily
implies the following lemma, cf. [16, Proposition 8.2].
Lemma 2.3. Let S be a stratum of the standard stratification of an algebraic subset X ⊆
RN , and let Ξ be the Zariski closure of S in CN . Then Ξ is an irreducible complex affine
variety, dimC Ξ = dimR S, and S ⊆ Ξreg.
Suppose that W is an open subset of Rk and ψ is a real analytic function defined
on W . Consider a path γ in Ck ⊃ Rk that starts at a point a ∈ W , and try to continue
analytically the function ψ along γ. We can always perform this continuation at least until
the path γ stays inside the disc of convergence of the Taylor series for ψ with centre a.
Later a singularity can occur. However, the following property will be crucial for us: The
analytic continuation of ψ along γ is unique whenever exists. Lemma 2.3 easily implies
that every point x ∈ S has a neighborhood U in Ξreg such that the pair (U, U ∩ S) is
biholomorphic to a pair (V, V ∩ Rk) for some open subset V ⊆ Ck, where k = dimR S.
Hence, the same property holds for the analytic continuation from S to Ξreg.
Lemma 2.4. Let S and Ξ be as in Lemma 2.3. Suppose that W is an open subset of S, ψ
is a real analytic function defined on W , and γ is a path that starts in W and is contained
in Ξreg. Then the analytic continuation of ψ along γ is unique whenever exists.
Remark 2.5. The crucial point here is that dimC Ξ = dimR S. If the complex dimension
of a complex variety Ξ were greater than the real dimension of a real subvariety S ⊂ Ξ,
then it would be possible that a real analytic function on S has infinitely many different
continuations along a path in Ξ. For instance, one can consider continuations of a real
analytic function from R to C2 ⊃ C ⊃ R.
If X0 is a connected component of a real algebraic set X ⊆ RN , then the restriction of
the standard stratification of X to X0 will be called the standard stratification of X0.
3. Proof of the main result
The generalized oriented volume V, the Dehn invariant ∆, and the oriented dihedral
angles ϕσ are functions on the space ΩK,Xn ⊆ RN of all polyhedra P : K → Xn with non-
degenerate faces. The following theorem is a more precise reformulation of Theorems 1.1
and 1.3.
Theorem 3.1. Let Xn be one of the spaces En, Sn, and Λn, where n ≥ 3. Let K be an
oriented (n−1)-dimensional pseudo-manifold, let ℓ be a non-degenerate set of edge lengths
for K, and let Σ0 be a connected component of Σ = ΣK,ℓ,Xn. Assume that either X
n = En
or the generalized oriented volume V is constant on Σ0. Then the Dehn invariant ∆ is
also constant on Σ0.
Below we always assume that the 5-tuple (Xn, K, ℓ,Σ,Σ0) is fixed and satisfies the
hypothesis of Theorem 3.1.
For each σ ∈ Fn−2, the volume voln−2(P (σ)) depends only on the edge lengths of the
polyhedron P , hence, is constant on Σ. We denote this volume by Vσ.
We need the following lemma, which is proved in [16, Lemma 9.2] in the case Xn = Λn.
The proofs in the cases Xn = En and Xn = Sn are quite similar, so we omit them.
Lemma 3.2. For each σ ∈ Fn−2(K), there exists a polynomial Qσ in variables xv,j such
that the restriction of the function exp(iϕσ) to Σ coincides with the restriction of Qσ
to Σ.
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Remark 3.3. If Xn is either En or Sn, this lemma claims that the restriction of the
function exp(iϕσ) to Σ is a complex-valued regular function on Σ, i. e., belongs to C[Σ].
However, if Xn = Λn, then we cannot formulate Lemma 3.2 in this way, since Σ is not
an algebraic subset of RN but only the union of several connected components of an
algebraic subset.
The polynomials Qσ are by no means unique. We choose some polynomials satisfying
the required conditions, and fix this choice.
Proposition 3.4. Let U be a connected open subset of Σ0 such that every function
ϕσ : Σ0 → R/2πZ has a continuous R-valued branch ϕ˜σ on U . Let f : R → Q be an
arbitrary Q-linear mapping. Then the R-valued function
ψf =
∑
σ∈Fn−2(K)
f(Vσ) ϕ˜σ (3.1)
is constant on U .
Proof. Let S be a stratum of the standard stratification of Σ0, and let W be a connected
component of U ∩ S.
First, let us prove that the function ψf is constant on W .
Let Ξ be the Zariski closure of S in CN . By Lemma 2.3, Ξ is an irreducible complex
affine variety and S ⊆ Ξreg. Let Υ ⊆ Ξreg be the Zariski open subset consisting of all
points P such that Qσ(P ) 6= 0 for all σ ∈ Fn−2(K). The set Υ contains W , hence, is
non-empty. Thus Υ is a connected complex analytic manifold.
Let γ be an oriented loop in Υ. Then Qσ(γ) is an oriented loop in C that does not
pass through 0. We denote by kσ(γ) the winding number of the loop Qσ(γ) around 0.
Each function ϕ˜σ is a branch of the multi-valued analytic function −iLnQσ on the
set W . Since Qσ is regular and does not take zero value in Υ, we see that the function ϕ˜σ
admits an analytic continuation ϕ˜
(γ)
σ along any path γ in Υ starting in W , and this
analytic continuation is a branch of the multi-valued analytic function −iLnQσ. If γ is
an oriented loop in Υ with base point in W , then continuing analytically the function ϕ˜σ
along γ, we arrive to another branch of the multi-valued analytic function −iLnQσ onW ,
namely, to the branch ϕ˜σ + 2πkσ(γ).
It follows from Schla¨fli’s formula (2.8) and the hypothesis of Theorem 3.1 that
∑
σ∈Fn−2(K)
Vσ dϕ˜σ
∣∣∣∣∣∣
TW
= 0,
where TW is the tangent bundle of W . Therefore, the function
∑
σ∈Fn−2(K)
Vσ ϕ˜σ is
constant on W . By Lemma 2.4, the analytic continuation of this function along a loop γ
in Υ is unique. Hence, the function
∑
σ∈Fn−2(K)
Vσ ϕ˜
(γ)
σ is constant along γ. Therefore,∑
σ∈Fn−2(K)
Vσkσ(γ) = 0
for all loops γ in Υ. Since kσ(γ) ∈ Z and the mapping f is Q-linear, we obtain that∑
σ∈Fn−2(K)
f(Vσ)kσ(γ) = 0.
It follows that continuing analytically the function ψf along every loop in Υ with base
point in W , we arrive to the function ψf again. In other words, the function ψf can be
continued to a single-valued holomorphic function on Υ, which we again denote by ψf .
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Since ψf is a branch of the multi-valued function
−i
∑
σ∈Fn−2(K)
f(Vσ) LnQσ ,
for all P ∈ Υ we have the following estimate
| Imψf (P )| ≤
∑
σ∈Fn−2(K)
|f(Vσ)|
∣∣ln |Qσ(P )|∣∣ ≤ max
σ∈Fn−2(K)
(
M |f(Vσ)|
∣∣ln |Qσ(P )|∣∣)
≤ max
(
max
σ∈Fn−2(K)
ln
∣∣Qσ(P )L∣∣ , max
σ∈Fn−2(K)
ln
∣∣Qσ(P )−L∣∣) ,
where M is the number of (n− 2)-dimensional simplices of K, and L is a positive integer
that is greater than all numbers M |f(Vσ)|, where σ ∈ Fn−2(K).
Take a principal Zariski open subset Ξh ⊆ Ξ such that Ξh ⊆ Υ. Then Ξh is a smooth
irreducible affine variety, and both Qσ and Q
−1
σ are regular functions on Ξh. Applying
Lemma 2.2 to the restriction of ψf to Ξh, we obtain that ψf is constant on Ξh, hence, it
is constant on Υ. Thus, ψf is constant on W .
Second, let us prove that the function ψf is constant on the whole set U . The standard
stratification of Σ consists of finitely many strata S, and every intersection U ∩S is open
in S, hence, consists of at most countably many connected components. Since ψf is
constant on every connected component of every U ∩ S, it follows that the function ψf
takes at most countably many values. Since U is connected and ψf is continuous, we
obtain that ψf is constant on U . 
Proof of Theorem 3.1. Since the set Σ0 is connected, we suffice to prove that every point
P0 ∈ Σ0 has a neighborhood U in Σ0 such that the function ∆(P ) is constant on U .
Obviously, every point P0 ∈ Σ0 has a neighborhood U in Σ0 such that every function
ϕσ : Σ0 → R/2πZ has a continuous R-valued branch ϕ˜σ on U . By Proposition 3.4, for
each Q-linear mapping f : R→ Q, the function ψf given by (3.1) is constant on U . This
implies that the mapping ∆˜ : U → R⊗ R given by P 7→ Vσ ⊗ ϕ˜σ(P ) is constant. Hence
the composite mapping
∆: U
∆˜−−→ R⊗ R id⊗pr−−−→ R⊗ (R/πZ),
where pr : R→ R/πZ is a projection, is also constant on U . 
4. On a counterexample by Alexandrov and Connelly
A suspension with a hexagonal equator is a polyhedron in R3 of the combinatorial type
of a hexagonal bipyramid, i. e., a polyhedron with 8 vertices N (north pole), S (south
pole), p1, . . . , p6 and 16 faces Npjpj+1 and Spjpj+1, j = 1, . . . , 6. Here and further the
sums of indices are always taken modulo 6, i. e., j + 1 should be replaced by 1 whenever
j = 6.
The following construction of a flexible suspension with a hexagonal equator is a partial
case of the description of all flexible suspensions obtained by Connelly [5].
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The initial data for this construction are a real non-degenerate cubic E given by
y2 = x(x− b′)(x− b),
where 0 < b′ < b, and 24 points on it that are denoted by Qj,± and Q
′
j,±, j = 1, . . . , 6,
and should satisfy the following conditions:
(A) The points Qj,+ and Qj,− either coincide or are symmetric to each other about
the x-axis, and the points Q′j,+ and Q
′
j,− either coincide or are symmetric to each
other about the x-axis.
(B) Qj,− + Q
′
j,− + Qj+1,+ + Q
′
j+1,+ = 0, where + denotes the addition of points on
the elliptic curve E and the infinite point of E is taken for the neutral element 0.
Besides, no pair of the four points Qj,−, Q
′
j,−, Qj+1,+, and Q
′
j+1,+ is symmetric
about the x-axis.
(C) The total collection of the 24 points Qj,± and Q
′
j,± (counting multiplicities) is
symmetric about the x-axis.
(D) The points Q′j,± are on the compact component of E and the points Qj,± are on
the non-compact component of E.
It is well-known that condition (B) is equivalent to the following: The four points Qj,−,
Q′j,−, Qj+1,+, and Q
′
j+1,+ lie on a parabola y = qj(x), where qj(x) = ajx
2 + bjx+ cj is a
quadratic polynomial with real coefficients and aj 6= 0. Denote by rj the x-coordinate of
the points Qj,± and by r
′
j the x-coordinate of the points Q
′
j,±; then rj ≥ b and 0 ≤ r′j ≤ b′.
Since rj, r
′
j, rj+1, and r
′
j+1 are the four roots of the polynomial qj(x)
2 − x(x− b′)(x− b),
Vieta’s formula implies that
cj
aj
= sj
√
rjr′jrj+1r
′
j+1 , (4.1)
where sj = ±1.
Consider the complex-valued functions defined on the interval (b′, b) given by
Fj(x) =
−qj(x) + i
√−x(x− b)(x− b′)
aj
√
(x− rj)(x− r′j)(x− rj+1)(x− r′j+1)
(4.2)
where the positive values of the square roots are taken.
Since the points Qj,−, Q
′
j,−, Qj+1,+, and Q
′
j+1,+ lie on the parabola y = qj(x), it follows
that |Fj(x)| = 1 for all x ∈ (b′, b). Connelly showed that condition (C) implies that
6∏
j=1
Fj(x) = 1. (4.3)
In particular, it follows that s1s2 · · · s6 = 1. Hence, we can choose signs σj = ±1 so that
σjσj+1 = sj for all j. The numbers σj are well defined up to simultaneous change of signs
of all of them, which geometrically corresponds to the interchange of the poles N and S.
To write explicit formulae for the flexion, we shall conveniently identify R3 with C×R.
Now, the flexion of a suspension with a hexagonal equator is given by
S(x) = (0, 0), N(x) =
(
0,
√
x
)
,
pk(x) =
1
2
√
x
(√
−(x− rk)(x− r′k) ·
k−1∏
j=1
Fj(x), x+ σk
√
rkr′k
)
,
where x runs over the interval (b′, b).
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Table 1. The points Qj,± and Q
′
j,±
j Qj,− Qj+1,+ Q
′
j,− Q
′
j+1,+
1 A− B + C −A+ 2B − C −D −B D
2 A− 2B + C +D 2B − C − 2D D −A
3 − 2B + C + 2D A +B − C − 2D −A B
4 − A−B + C + 2D A− C −D B −D
5 −A + C +D −C −D A
6 C −A +B − C A −B
Using these formulae and formulae (4.1), (4.2), and (4.3), it can be checked immediately
that the lengths of the edges of the suspension are constant and are given by
|pk − S| =
√
rk + σk
√
r′k
2
|pk −N | =
√
rk − σk
√
r′k
2
(4.4)
|pk+1 − pk| = 1
2|ak| (4.5)
Remark 4.1. The geometric interpretation of the numbers Fj is as follows: Fj =
exp(iθj), where θj is the oriented dihedral angle between the halfplanesNSpj andNSpj+1.
Alexandrov and Connelly [3] considered a particular example of such flexible suspension
with a hexagonal equator and claimed that its Dehn invariant is non-constant during the
flexion. Namely, they fixed b′ = 51, b = 100, considered the points
A = (2, 98), B =
(
4039540
762129
,
100768585960
665338617
)
,
C = (102,−102), D = (30,−210)
on the cubic y2 = x(x − 51)(x − 100) and the 24 points Qj,±, Q′j,± as shown in Table 1
(cf. [3, Table 2]). Recall that given all these data, we still have two possibilities for the
signs σj . The suspension considered by Alexandrov and Connelly corresponds to the
choice of σ1 = −1. All other signs can be restored uniquely: σ2 = σ3 = σ4 = σ5 = 1,
σ6 = −1.
Further, they computed the Dehn invariant of the obtained flexible suspension
∆(x) = 1⊗ α1(x) +
√
2⊗ α2(x) +
√
15⊗ α3(x) +
√
30⊗ α4(x)
+
√
85⊗ α5(x) +
√
102⊗ α6(x) +
√
170⊗ α7(x),
where αj(x), j = 1, . . . , 7, are certain Q-linear combinations of the oriented dihedral
angles of the suspension, and concluded that the Dehn invariant ∆(x) is constant in x if
and only if αj(x) is constant in x for every j = 1, . . . , 7.
The linear combinations αj(x) were written explicitly in [3, (4.1)–(4.7)]; in particular,
α4(x) = −1
2
(
ϕ2(x)− ϕ′2(x)
)− 1
2
(
ϕ5(x)− ϕ′5(x)
)
,
where ϕj and ϕ
′
j are the oriented dihedral angles at the edges Npj and Spj , respectively.
Besides, Alexandrov and Connelly showed that ϕj(x) = −ϕ′j(x) for all j, hence,
α4(x) = −ϕ2(x)− ϕ5(x).
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ϕ2
S˜
N˜ ϕ′2
ϕ1,2
p˜3 p˜1
Figure 1. Spherical quadrangle Q2
ϕ5
S˜
N˜ ϕ′5
ϕ4,5
p˜6 p˜4
Figure 2. Spherical quadrangle Q5: Incorrect
ϕ5 S˜
N˜
ϕ′5
ϕ4,5
p˜4 p˜6
Figure 3. Spherical quadrangle Q5: Correct
Further, they showed that the oriented dihedral angles ϕ1,2(x) and ϕ4,5(x) at the edges p1p2
and p4p5 are equal to each other for all x. For x = 51, the suspension is flat, i. e., con-
tained in a plane, and ϕ2(51) = ϕ5(51) = π and ϕ1,2(51) = ϕ4,5(51) = 0, see [3, Table 6].
When x increases from 51, the angles ϕ1,2(x) = ϕ4,5(x) increase.
Alexandrov and Connelly claimed that both ϕ2(x) and ϕ5(x) also increase as x in-
creases, hence, their sum cannot be constant. To show that ϕ2(x) and ϕ5(x) increase,
they studied spherical quadrangles Q2 and Q5 cut on the unit spheres with centres p2(x)
and p5(x) by faces of the suspension. They showed that the opposite sides of either of
these quadrangles are equal to each other. Further, they argued that these two quadran-
gles look as it is shown in Figs. 1 and 2, respectively. (These figures are exactly Figs. 14
and 15 in [3]. Here N˜ , S˜, and p˜j indicate the vertices of the quadrangles corresponding to
the edges leading to N , S, and pj, respectively.) If the spherical quadrangles Q2 and Q5
were as in Figs. 1 and 2 then the increase of the angles ϕ1,2(x) = ϕ4,5(x) would imply
the increase of the angles ϕ2(x) and ϕ5(x). Nevertheless, the latter figure is incorrect.
Indeed, the edge lengths of the suspension can be computed explicitly using (4.4), (4.5);
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the result is given in [3, Tables 4 and 5]. Now, one can easily compute:
cos∠Np5p6 = cos∠Sp5p4 =
437
√
170− 121√30
6500
cos∠Sp5p6 = cos∠Np5p4 =
437
√
170 + 121
√
30
6500
Hence, in the spherical quadrangle Q5, the lengths of the edges N˜ p˜4 and S˜p˜6 are smaller
than the lengths of the edges N˜ p˜6 and S˜p˜4. Therefore, Fig. 2 is incorrect. In fact, the
spherical quadrangle Q5 is as shown in Fig. 3. Hence, the angle ϕ5(x) decreases as x
increases. So the argumentation in [3] fails.
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